We look at a 2-D numerical model of t h e expulsion of magnetic field from the Earth's core into a conducting mantle, driven by a prescribed upwelling fluid motion. W e consider different possible conductivity profiles for the mantle, and compare with the fully insulating mantle solution as studied by Bloxham (1986). We find that even with a thin conducting layer, the expulsion process can be restricted compared with the insulating case. Motivated by recent work on the conductivity of the lower mantle, we later look at a conductivity profile with large lateral heterogeneity in conductivity. This is found t o have a strong effect on the solution, with the magnetic field being distorted in t h e conducting part of the mantle, which results in the field seen at the top of t h e mantle being considerably altered from the insulating case.
INTRODUCTION
Most studies of the Earth's core have in the past assumed that the mantle is electrically insulating. This has been a reasonable assumption, and a simple one to apply mathematically, but as models have become more complex, and our knowledge of the internal structure, composition and dynamics of the Earth's deep interior have increased, it becomes possible, and indeed necessary, to consider a more realistic conductivity for the mantle. There have been many studies which have considered a conducting mantle, and suggested profiles for the conductivity (e.g. Braginsky & Fishman 1976; Alldredge 1977; Ducruix, Courtillot & Le Mouel 1980; Benton & Whaler 1983; Fearn & Proctor 1992) . The main approaches have been to either divide the mantle into layers of uniform conductivity, or to assume a radial power law of decreasing conductivity. The conductivity of the mantle is not well known, and because of this it is necessary to choose simple representative models.
There has been considerable argument over the magnitude of mantle conductivity. Ducruix et al. (1980) reported that mantle conductivity could not exceed 100 S m-' over any appreciable thickness, from an analysis of the secular variation impulse in the late 1960s. High-pressure-high-temperature experiments have been performed, testing the conductivity of the materials thought to be present in the lower mantle, under conditions simulating as close as possible those in the mantle. These * Now at: Department of Mathematics, University of Exeter, North Park Road, Exeter, EX4 4QE, UK. have given conflicting estimates: Li & Jeanloz (1987) put an upper bound of lop2 S m-' on mantle conductivity between depths of 700 and 1900 km, whereas Peyronneau & Poirier (1989) found conductivity to be -1Sm-' at a depth of 1000km, and obtained a lower bound of -70Sm-' at the core-mantle boundary. Despite the lack of agreement over conductivity values, it is morc gcnerally agreed that in the D" layer at the bottom of the mantle [-200-300 km thick (Young & Lay 1987) ], there may be a significantly higher conductivity than in the rest of the mantle. This is because it is believed that in the D" layer there may be appreciable amounts of iron from the core present, which results in a much higher conductivity there [0(104 S m-') Li & Jeanloz 19871 . The presence of pockets of iron in D suggests that there may be a large lateral heterogeneity in conductivity over a very short length-scale (Jeanloz 1990) , with a range of conductivity varying from metallic conductivity to virtual insulation. Poirier & Le Mouel (1992) investigated quantitatively the infiltration of core material into D and concluded that the effect of this on the geomagnetic field was negligible. We investigate this lateral variation in conductivity in Section 4.
Our main aim here is to model the effects of mantle conductivity. To do this we extend the model of Bloxham (1986) to consider a conducting mantle. Bloxharn solved the magnetic induction equation
for the magnetic field B with a prescribed flow Uo. He studied the expulsion of a uniform horizontal magnetic field from the core into the mantle, citing this process as a possible mechanism for an observed feature of the Earth's magnetic field, namely a reversed flux patch over southern Africa (see Bloxham & Gubbins 1985) . We consider the same problem here, but instead of the mantle taken to be insulating, we consider a conducting layer of variable thickness and conductivity. Above this conducting layer the rest of the mantle is taken to be insulating.
MODEL
We consider a 2-D kinematic model for the expulsion of magnetic field from the core into the mantle. We use Cartesian coordinates with x horizontal and z vertical, taking the system to be independent of y for simplicity. We have a plane-layer model, unbounded horizontally, and split vertically into two layers. At the bottom there is a layer of height L, representing the outer core. In this layer we have a prescribed flow, U,,, that is spatially periodic, and a magnetic diffusivity, vc, that is taken to he constant. Above this there is a layer representing the lower mantle, which is not to be confused with the common definition of lower mantle, understood to be the part of the mantle below 670 km. This layer is of height EL(,, where we can choose E arbitrarily, and we prescribe the magnetic diffusivity here arbitrarily as 11, = f ( x , z ) . There is no flow in the mantle layer. Above this conducting layer, the upper mantle is taken to be insulating.
We solve numerically the magnetic induction equation in each layer. In our non-dimensional coordinates, our rectangular region representing the core and lower mantle goes from z = -1 at the base, through z = 0 at the core-mantle boundary up to z = E at the top, and has x ranging from 0 to 2a, where cr is a width-to-height ratio of a convection roll. We solve numerically with a spectral collocation method in x , second-order finite differences in z with semi-implicit time-stepping. We use N collocation points in x , namely 2 a N x , = -( j -1 ) ( l s j S N ) ,
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where we are insisting that the equations be satisfied exactly at these points. We also have L and M grid points in z in the lower and upper layers respectively, namely
E (conducting layer).
This scheme differs from that used in Bloxham (1986) 
where A:,/ = An(z,, ti), and t, is the time after i time steps, and where we are using semi-implicit time-stepping; treating the V2 term implicitly and the rest explicitly.
We make the top boundary ( z = E ) to be electrically insulating, and the bottom ( z = -1) to be perfectly conducting. We impose periodic boundary conditions at the sides. These boundary conditions can be written as These apply at all ti.
At the boundary between the two layers we match the solutions. The resulting matrix problem is easily solved, and we can observe the evolution of the magnetic field by constructing contour plots of the magnetic potential A , as for this 2-D situation the field lines are parallel to the contours. Further details of the numerical methods and boundary conditions are given in the Appendix.
Mantle field
It is important to us to be able to observe the magnetic field lines when they enter the insulating part of the mantle so that we can see the effects of the conducting layer on the field that is observed at the surface. In the insulating region we have a potential field and our equation is simply
We can solve explicitly for the field in the mantle, matching to our numerical solution at z = E . The solution we obtain is A(xjr z k )
The coefficients A, can be determined by matching to the solution in the lower (conducting part of the) mantle. We can then use (15) to determine the field in the upper (insulating part of the) mantle. We include this in our solution plots.
TESTING THE NUMERICAL C O D E

Decay time
If we have a zero flow in the core, obtained by setting R,=O, and prescribe an initial field B = B(z, t ) l x that is purely horizontal, then we can solve for the magnetic field analytically and compare the numerical decay time for the field with the theoretically calculated value.
For example, if we consider the simple model that will be used in Section 3.2, where we have a purely insulating mantle, then the equation for the magnetic field in the core simplifies to dB d2B
with boundary conditions (17)
z=O:
B=O.
hence find the solution to be
We assume that B decays exponentially as exp ( -p t ) , and
where B,, is an arbitrary constant chosen to be 1, and also
If we choose the most basic mode of solution, corresponding to n =0, and assign our initial field with this accordingly, then we expect this field to decay as exp [-(n2/4)t]. The analysis for the model with a conducting layer of constant diffusivity r] is more complicated but can be done in a similar way (see Drew 1992) . The decay rate in this case is found to be the solution of the equation A simple application of the bisection method was used to find 6 for given E and r]. To obtain the decay rate from our model, we must calculate the horizontal magnetic field strength B,, and see how this changes over time. Since B, = -dA/&, we obtain B, from our magnetic potential A by approximating the z derivative. The decay rate an then be calculated from a graph of B, against time. In all cases these graphs were essentially exponential. We calculate the decay rate at the centre of both the core and mantle regions, and show comparisons of theoretical and numerical decay rates for several layer sizes and diffusivities in Table 1 . We find that there is excellent agreement between the predicted and actual decay rates for our model over the full range of parameters used for our results. This gives us confidence in the model to proceed to the full problem.
Comparison with Bloxham's results
We can check much of the numerical code by considering the case of a fully insulating mantle. This problem was studied by Bloxham (1986) , and we can compare our results with his. To do this we remove the conducting layer from our model, solving in the core as described in Section 2, but applying the insulating boundary condition (13a) at the core-mantle boundary. Again we add on top the explicit solution in the insulating region as in Section 2.1. On running this program over a range of parameters we find good agreement with Bloxham's results. As an illustration, Having recreated these results we can move on to encompass the main interest of this work, namely a finitely conducting mantle.
RESULTS
We consider various models of conductivity for our conducting layer. We d o this by defining different profiles for the diffusivity ratio q. These fall into three categories: (1) q =constant, (2) q =f(z) and (3) q =g(x). To make comparison easier between the different conductivity profiles, we calculate an integrated conductivity for each one, and denote this by C.
All our results here are with R,=50, a time step of 5 x and streamfunction (22). This choice of streamfunction represents an upwelling motion up the middle of the core layer, which drives the expulsion process. Our choice of R , = 50 is somewhat arbitrary, but we are looking at a variety of conductivities here, so feel justified in choosing a particular value of R , as it is not possible to consider too many varying parameters. The choice of time step is one which gives stable solutions for values of q considered here, and also allows us to obtain results in a reasonably short amount of CPU time. We impose an initially uniform horizontal magnetic field,
Unless otherwise stated our results are for a truncation of N = L = M = 20, and with this, the solution appears well resolved. The results were checked over a range of time steps, and at higher truncation for various diffusivity ratios q and layer sizes, with no appreciable change in the observed behaviour.
(a) q =constant
We first consider the simplest case, which is t o make our upper layer uniformly conducting. We look at 11 = 1, 10, 100 and 1000 for different layer thicknesses E = 0.1 (Fig. 2) and 0.5 (Fig. 3) , and compare with the fully insulating case. For low values of q (i.e. for lower mantle conductivities similar to core conductivity) the field in the core evolves more slowly and the flux expulsion is suppressed making the field lines more horizontal at the core-mantle boundary. This is true even for a thin layer ( E = 0.1). As we increase r] the expulsion process becomes more pronounced with the field lines diffusing more quickly, and we see that the field behaviour gradually evolves to that of the insulating case. For q = 1000 the field picture resembles very closely that of the fully insulating mantle case. This being the case we do not pursue higher values of q. The size of the layer is not important here.
We now consider a z dependence on q . We want to model a rapid increase in diffusivity with height, so we look at two types, a linear dependence and a power law relationship.
We look at the cases m = 1, 2 and 3. We show the field evolution for E = 0.5 in Fig. 4 . When rn = 1 we find, not surprisingly, that the behaviour is somewhere between the cases q = 1 and q = 10 of category 1. We see the slow expulsion of nearly horizontal field lines and diffusion of the field upwards. When m = 2 we see the field lines becoming more drawn out as z increases, and when rn = 3 the field picture resembles the fully insulating case. These observations hold true for other layer sizes.
(1) q = 1 + 2 x 10".
(2) q = (1 + 2)".
We display results for n = 3, 6, 9 and 12 and E = 0.5 in Fig.  5 . For low n, behaviour is similar to the q = 10 case of category 1. As n is increased, the field lines rise faster with increasing 2 , with a bell-shaped pattern eventually emerging. The field pattern in the core develops more slowly than in the insulating case, even with a thin layer and when n is large.
(c) 77 =&)
It is believed (Jeanloz 1990 ) that the bottom of the mantle (the D" layer) can have large lateral heterogeneity in its conductivity, with variations of several orders of magnitude over a short length-scale. We attempt to model this here, the simplest method of doing so being to use trigonometric functions for q. We show results for four choices:
(1) q = 1000 + 999 sin (5).
(2) q = 1000 + 999 cos (F), (3) q = 1000 + 999 sin (%), (4) q = 1000 + 999 cos (%).
These choices vary q from 1, where conductivity is the same as in the core, to 0(1000), which we have seen produces results similar to the fully insulating case, and give two different length-scales for the lateral variation. We display the field evolution with time for a layer size E = 0.1 ; ; Fig. 6 , and for E =0.5 in Fig. 7 . W e can see that the heterogeneity has a very noticeable effect on the field lines. In the conducting layer there can be much distortion. This is most evident with a larger layer size, but even with E small the field lines are noticeably affected by the variation in conductivity. In such a case though, the field pattern is only really altered inside the conducting layer, with the solution outside of the layer almost completely unaffected by the layer. When the layer is thicker, however, we also see differences in the core and upper mantle. In the core evolution is more restricted, and the expulsion slower, similar to what we have seen in cases (a) and (b). In the upper mantle, we can see that the 'pinning' of field lines in regions of higher conductivity in the conducting layer can lead to the shifting of the expelled field lines (e.g. Fig. 7 top row) or the inhibition of the expulsion into the upper region (e.g. Fig. 7 second row) . We especially notice that the structure of the field in the mantle is representative of the conductivity structure in the mantle, and not of the structure of the core field in this case. Because we are looking at large variation over a short length-scale, we increase our numerical truncation in x to N = 40 to check that our solution is well resolved. We find though that the behaviour is essentially the same as for N = 20.
Long-term behaviour
In the results we have displayed so far, we have only considered the solution up until about t=0.05. It is of interest to see what happens to the solution over a longer period of time. We find that for all the cases considered above, the solution eventually reaches a steady form whose amplitude gradually decreases. undergoing the evolution pictured above the solution eventually settles down, and we find in all cases that the field then just decays exponentially with time.
Effect of changing the initial magnetic field
Although a natural choice as the initial field, and for making comparison with Bloxham's results, an initially uniform horizontal field does not satisfy the boundary conditions at the upper insulating boundary (see eq. 13a). In the insulating region, if one component of the field is zero, then the other component must necessarily be zero also, so our non-zero, purely horizontal field cannot be sustained. To determine whether or not this is a problem, we consider an initial field which satisfies all the boundary conditions, namely
which is horizontal still, but non-uniform. Running our program with this field, we find that although field evolution is different at first, we eventually see the same behaviour emerging as for our uniform field. We illustrate this for q = 10 in Fig. 10 , and we can compare the final contour plot with the final plot of Fig. 3 (second row) . Since our results are qualitatively the same with both fields, we conclude that the use of an initially uniform field is not a problem. Magnetic jield expulsion 31 1
DISCUSSION
We have produced a 2-D numerical model for the expulsion of magnetic flux from the core into a conducting mantle.
We have looked at different distributions of conductivity for the mantle, making comparison with the work of Bloxham (1986) , who studied the same problem with an insulating mantle. We have seen that making the lower mantle conducting can have a noticeable effect on the solution. Even a thin layer with a conductivity close to that of the core can slow the expulsion rate and restrict the development of the core field. This can be seen further in Fig. 5 , where we have conductivity falling off rapidly with increasing 2. Perhaps the most interesting case is where we try to model the lateral heterogeneity in conductivity believed to occur in the bottom D layer of the mantle. Modelling this can have a strong effect on the field lines in the conducting layer. If this layer is thin, then the overall effect on the field evolution is minimal, but a thicker layer can affect the field pattern considerably. From a geophysical viewpoint, what we would expect to see would depend on the nature of the flow in the outer core. If the fluid motion was taking place through the whole outer core region, then the thin conducting layer regime would be appropriate, as the outer core thickness is -2270 km (Gubbins & Roberts, 1987) , which is roughly equivalent to E = 0.1 in our model. However, if the flow is a more local one, in relation to the core-mantle boundary, then a thicker layer would be relevant, and our more interesting results would then apply. In particular, with a thicker conducting layer we have seen that the structure of the field emerging from the mantle is largely due to the structure of the conductivity in the mantle, and is not representative of the field in the core. Overall then, the presence of even a thin layer of appreciable conductivity at the base of the mantle can affect the expulsion of magnetic field from the core. It would be worthwhile therefore, in future models, to include the finite conductivity in the mantle. The condition at the boundary is that we make B continuous. Matching B, components above and below the boundary gives and similarly matching B, components gives us (1 5 n 5 N ) .
(A5)
A : P " = AtS From (A4) and (A5) we obtain the boundary condition for the magnetic potential A of the conducting layer at the top insulating boundary, namely which is the expression we use.
At the boundary between core and mantle we must again ensure that B is continuous. This is equivalent to making aA/& and dA/dz continuous. Since in both layers we have chosen a spectral representation in x of form (7), by making A continuous at the boundary we automatically satisfy d A / & continuity.
For the z derivative we have By substituting the standard second-order backward difference approximation for the core layer, and a forward difference in the mantle we obtain a matching condition where 82, and 6z, are our z gridding intervals in core and mantle layers, respectively.
